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FibonaCCi Si N est nimporte quel nombre, N + 1 = N.
series

par Kresten LindoffLarsen du lycée danois

de Hillerad : FrederiksbgrGymnasium

enseignant : MGert Schomaker . Antal
Méaned par
During our work with the golden section 0 < 1
| have specialized in a particular number- 1 M\ w |1
theoryWhen one contemplates this field of > /// / » / 1
mathematics for the first time it does not 3 \ A
seem possible to find a connection to the gc¢ /// / \ 2
den section, but the deeper one looks the 4 // - / \ / - \ 3
more links seem to entge. 5 //. ke \)‘/.. .\ 5
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This special part of mathematics is the Fib
nacci-serieJhis series of number is named
after the 13™-century Italian mathematician,

c1’he solution to the problem is in modern al
gebraic terms : the number of pairs born in

Leonardo da Pisaddis other name, Fibonacci,month humber n equals the number of pairs
orn in month number n-1 added to the aum

was derived from his father's name, since he : ) .
- - . er of pairs born in month n-2. If the Fibo-
was filius (son) of BonacciFibonacci intro- S :
nacci-series is used as the solution and the
duced arab numbers to Europe, a deed for . L
. n" number is called F,, the solution is
which we are now very grateful. But as-eap _ E . +E - For obvious reasons this-de
lier mentioned he is particularly well knowr}i;‘]i n-1°'n-2

: ) AN tion cannot be used for defining End F,
for what_ is called the Fibonacci serltns.hls since F_; and F, are not defined. Therefore
book, “Liber Abacci” from 1202, the series i

2 dds F= 1 and k = 1 to the definition.
defined from the following problem : ne adds £ b ini

. . : The reason why this is the solution to the-pro
« A pair of rabbits breeds a new pair of-raq)lem is simple. The number of pairs which

bits every_month, and every new pair breeggn produce children in month number n
another pair at the age of two months and st e the sum of parents who gave birth to
from then on one pair every month. HOW  oppits in month number n-1 plus the number
does the number of new-born pairs grow d¢ navcomer parents from month n-1 to n.
ring the months 3 The number of parents who gave birth in

The first month 1 new pair is born, and ermonth number n-1 must equal the number of

wise the next month. Both pairs arise from ngwbor_n pairs in that mor_lth since one par
the original pair gives birth to one new pair. The number of

newcomer pairs from month n-1 to n must

The third month one pair is born by the origdual the number of newborn pairs in month
nal pair again, but another pair is also born 2 since a pair is fertile at the age of two

the pair born in the first month. months.Therefore : F, = Fy_q + Fyo
The Fibonacci series begins with :

So it continues, as can be seen in the follo- 1, 1, 2=1+1, 3=2+1, 5=3+2, 8, 13, 21, 34
wing illustration. and so on.
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But as earlier mentioned it is fidult to find The principle of induction is divided into two
a connection between this series and the gphases :

den section. To understand this problem one 1.— One shows that the theorem is true for a
can use the French term for the golden sec- given numberusually an integer

tion : “Le nombre d'or” (the golden number)2.— One proves that if the theorem is true
This term indicates that the golden section figr n it is also true for n + 1.

not only a geometrical phenomenon but thahese two result in a proof of theorem for all

it is also linked with numbers. numbers that can be written as p + N, where
p is the given number of phase one and N is a

The golden number is the ratio of the golddttural numberi.e. 0,1, 2,3, ....

section. This ratio, which is podtive root of _ _ o

the quadratic equatiort xx - 1 = 0, is usual During the following | will give examples of

|y denominated by the greek letter meBy theorems ||nk|ng the Fibonacci-series and the

solving the equation one finds the two rootsdolden numberfWhen writinga and3 | refer

a=(1+v5)/2 O B=(1-V5)/2 where the to the two roots in the quadratic equation

first root equals ¢. By simple rewriting one Mentioned earlietthat isa = ¢, p = -1/¢. If a

also finds that the other root equalsp-1/ theorem is prov_ed_by_lnductlon the bold num

The first link between the Fibonacci series PerS 1 and 2 will indicate the two phases

and the golden numbeéris found by dividing Mentioned above.

a Fibonacci number by its precedent, that is

Fo+1/ Fy. Even when n is small it is easily ~|Theorem:

seen that the _ratio_ IS quite neartbthooking lfx2=x + 1 thatis x = Ox =P, then :

more closely into it one actually finds thiat

is the limit value when n tends to infinity.

This can eas;l;l/: b.e shown by rewriting the e)i.—x.Fz PR =lx+1=x+1=X

pression R.q/ Fn: 2.— Xm = XX = X(X.Fy + Fi.p)

=x.Fy+ XK1

=(x+1) R+ xR

o ) =Xk, + K+ XK1
If F+1/ F has a limit value, let us call it x, = X(Fy+ Fop) + F,

the limit value of i5_; / F, must be 1/x. And
if the limit value does exist it must be root in

the equation x = 1 + 1/x becausg £/Fn~ X This theorem gives an easy way of raising
and k_1 /F,~ 1/x and therefore x> 1 + 1/X g the power n :

(all when n tends to infinity). 02=10+1 ¢°=20+1 ¢*=3H+2
s=56+3 ¢°=8¢+5 ¢'=13¢+8

It can be shown that the fraction does have(_b_a ¢ ¢ ¢ ¢

limit value, and by rewriting the equation one

sees that this value must be eittheor -16 :  The theorem is also used as a lemma to prove
formula for F, without knowing F,_; and
Xx=1+1x0O x¥*=x+10 x*-x-1=0. F _, This formula is called Binet's formula,
It can be proved in many @#rent ways, but |
Since all Fibonacci numbers are positive thell just show the most simple proof.
limit of the ratio must therefore lie

"= X.F,+ Fyp, N> 1.

Foe1/ Fn= (R + F1) Fh=1+ R/ F,

an= G.Fn + Fn-l andB” = BFH + Fn-l
The Fibonacci series is in many ways interes" -p" = a.F, + F.1 - B.F, - Fy.1= (0 - B).F,
ting because it is a showcase of number-théithis result in following formula :
ry. For example most theorems are proved by =~ F,= -2°-0°
using induction. a-p
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Now | would like to expand the series. The
new series are called a (like the Fibonacci
called F), and are defined just as the Fibena
Ci series : &= §,.1 + g,.o- The only diferen
ce is the first two numbers and g. These
are diferent and therefore the whole series
different.For example if a; = 2 and a, = 4
then the series would be : 2, 4, 6, 10, 16, 4

Loi de Louise 3

Si on écrit les tables de 2, 12, 22, ... , 82, 92,
les résultats se termineront toujours par les mémes
chiffres (0, 2, 4, 6, 8).

42, ... . First | find connection between thesa

series and the Fibonacci-series :
Theorem :

& = Fh2a + Frady, n>2.

1— Fathay=g+a=a

2— 41Tt
=Fhoa t Ryt Figa + Fod
=a.(Fh2t Fna + &.(Fpa + Fnoo)
=Fh.18 + Fya.

In these series the ratio betwegpaad a_q
also has the limit valu¢ when n tends to in
finity :
a + m
& _FroatFhia_ & Foo
%1 Fpga+Fn2d Fnsa 4
Fn-2 @

2ee e

13
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The theorems which | have proved here are
but a fraction of those concerning the Fibo-
nacci and similar serie$he more one looks
into these series the more it seems that thi
is some sort of mathematical divinity hidde
in it. For example when one finds a theore!
where by raisingr to the power n and adding
[3 to the power n, one gets only integers, it
amazing because andf3 are such complica
ted irrational numberd.he theorem seems tc
be even more divine when one discover th
the integer results are actually a series of a,
where g = 1 and a = 3 (the proof has been
left out for reasons of space).

¢

Amazing theorems like this are found by th
dozen, underlining the connection between
the Fibonacci series and the golden section.




